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THE RELATION BETWEEN POWER AND ENERGY IN THE
SHOCK INITIATION OF DETONATIONS

L Basic Theoretical Considerations and the Effects of Geometry

I. IN':RODUCTION
The early studies of direct initiation of gaseous detonationsls 2+ 3

established the importance of the magnitude Qf the source energy. More
recent experiments“'sss have shown the importance not only of the energy

but also of the rate at which the energy is deposited, namely the power. The
experimental results of Lee et al.5 indicate that there is a minimum detona~
tion energy, E;, below which a detonation would not occur no matter what
the power is and that there is a minimm power, P, below which a detona-
tion would not occur nc matter vhat the total energy is. Later, they noted®
that the requirement for & minimum value for the power of the source indi-
cafes that the source mist be capable of generating a shock wave of certain
minimum strength (Mach number). They also concluded that the minimum energy
requirement implied that the shock wave must be maiatained at or above this
minimum strength for & certain minimum duration.

| Recently these ideas have been used by Dabora’’® to obtain a relation
betveen the power and energy required for the direct initiation of hydrogen-
ai\ detonations in a shock tube. However, this power-energy relation is very
different qualitatively from those of Knystautas and LeeS5. More recently
Aboyseif and Toong?® have proposed a simple theoretical model to determine the
power-energy relation and predict their respective threshola values. The
predictions based on their model were in qualitative agreement with the

experiments of Xnystautas and LeeS.
Manuscript approved June 22, 1983.
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In this paper we have modified and extended the basic model proposed by

S e d W sEERA

Abouseif and Toong? and have used it to determine the relation between the

pover and the energy required for :heviniﬁiation of planar, cylindrical and

- ..

spherical detonations in a detonable gas mixture. Specifically, we discuss
its application to a stoichiometric oxy-acetylene mixture. We have used the
tesuits from the model to explain‘the quclitqgive differences between the
experimental results of Kaystautas and Lee‘ and Dabora’. The relation
betwveen the minimum powef requirement and the Mach number -7 the shock wave
has also been examined. Some of the limitaciona of the model are discussed,

and several applications are described.

A SR e SRS AP GE N o8 A e PR S eap W W TH SRS s Tefe e A Rt PR P o Lt e

. ———— - -
-




-1

I1. 'THE THEORETICAL MODEL

We can, in principle, study the direct initiation of detonations by
performing detailed numerical simulations of the flow field generated by a
given source of energy. In genetil, such a calculation is a complicated,
multiJimensional, multispecies, time~dependent problem. Part of the
complication and cost of such calculations arise; from the solution of the
conservation equations, and part of it arises from integrating the large
number of ordinary differential equations describing the chemical reactions.
This latter factor is further complicated by the fact that we usually do not
have an adequate representation of the chemical reactions with which to wbtk.
Thua, a convenient, inexpensive way to evaluate the relative tendency of
different explosive mixtures to detonate would be very useful. Below we
develop and expand a simple theoretical model proposed esrlier by Abouseif
and Toong?. Although this approach is not as precise as solving the full set
of equations numerically, it offers a number of importaant insights and gets
around the requirement of knowing the detailed chemical kinetics.

The model considers the flow generazed by the wotion of a constant
velocity shock wave in planar, cylindrical and spherical geometries. As this
shock wave passes through 2 gas mixture, the gas temperature and pressure
increases. Due to this increase in temperature and pressure, ignition can
occur in the shock heated gas mixture after the elapse of a certain time ard
this may lead to a detonation.

A constant velocity shock wave can be formed in each of the three
geometries by the motion of a constant velocity pistonl 92!}, Fyrthermcre,
it has been shownll that a pressure and velocitr field identical to that

shead of a constant velocity piston can be generated by appropriate energy
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addition. In Appendix A we have derived expressions for the energy and the
power which must be delivered by a source to geaerate a constant velocity

piston in the three geometries. The source pover required is given by

.Y a a1 '
Ps(t) TY:TY Cuppup t ’ (1)

where C = 1, 27, 47 for a = 1,2,3 corresponding to the planar, cylindrical

P are the pressure and

velocity at the piston surface and t is the duration of energy deposition.

and sphérical geometries respectively; Pp and u

The energy deposited is givea by the time integral of the power, that is

c
Y a a a
, E'(t) 'm? ppup t . (2)

From the above equations we note that a planar energy source with a

constant rate of energy deposition can generate a constant velocity piston in
a ﬁlannt geometry. An exgmple of such an energy source is the high pressure
driver in a uniform shock tube. However for a constant velc:ity piston in a
cylindrical geometry, we need a line source with a rate of energy deposition
proportional to time, and in a spherical geometry we need a point source with

\ an energy deposition rate proportional to the second power of the time.

\ | Equations (1) and (2) give the‘aoﬁrce power and the source energy

% required to generate a constant velocity piston in the three geometries. As
shown later (in Appendix B), if the piston velocity is steady, a coastant
velocity shock wave could be generated ahead of it. If the piston velocity
is reduced (by altering the energy deposition rate), rarefaction waves will

be generated ahead of it and these, on catching up with the shock wave , will




reduce the shock velocity. However if the shock has been in motion for a

'pistoh surface is nonuniform and can be obtained by solving the governing

" considerably simplified if we seek a similarity solution. The details of

sufficiently long time, chemical reactions Qould begin in‘the shock heated
gas mixture. Then, even if the piston decelerates and produces rarefaction
wvaves, these will have very little effect on the motion of the shock., In
this case we could have a detonation.

Let us call the minimum time of shock travel required to initiate

a detonation t_.. Using this in Eqs. (1) and (2), we have

' c
Y “a_a._a
Ele: "TFD T PpUp fer ’ 3)

and

Y a a1l
®)er " 1) Ca PpY Cer . (4)
In the planar case, the pressure Pp and fluid velocity up at the piston

surface are the same as those just behind the shock. However, in the

cylindrical and spherical cases, the flow field between the shock aud the
partial differential equations. However, the solution procedure is

this solution procedure are given in Appendix B.

In order to determine the power-energy relation using Eqs. (3,4) we also

need to know t... This time must at least be equal to the time at which
ignition first occurs in the flow field?., As noted by Urtiew and
Oppenheim,lz ignition usually occurs first at the contact surface (i.e., at
the pistoc surface here) since the temperature and pressure is highest at
this location. So a first estimate of the time t., would be the

induction delay time correspondirg to the conditions at the piston surface.




III. RESULTS AND DISCUSSION

We have used the model described above to determine the power-energy
relations for the initiation of planar, cylindrical, and spherical
detonations in a stoichiometric oxy-acetylene mixture. The initial
temperature and pressure oflthe mixture were :aken to be»300 K and 100 torr
(0.1316 atm) to correspond to the initial conditions in the experiments of
Raystautas aui LeeS, As a first approximatioh, the time duration necessary
for successful initiation was assumed to be equal to the chemical induction
time of the nixturg corresponding -to the conditions at the piston surface.

The critical source power given by Eé. (4) is time depenient for the
cylindrical and spherical cases. In order to relate the critical source
~energy to a critical source power, we need to definé an aQerage or
"effective" power. Following Abouseif and Toong?, we define an average

critical source power ar

(p) =_2Cr - (5)

This power also corresponds to the critical peak averaged power of the source
as defined by Knystautas and LeeS, For the discussion below, we have used
the terms power and energj to refer to the average critical source power

(Fq. (5)) and the critical source energy (Eq. (3)).

A. Cylindrical Detonations {n an Acetylene-Oxygen-Nitrogen Mixture

We have determined the power-energy relation for the initiation of
cylindrical detonations using Eqs. (3) and (5). The induction time data used
were those obtained by Edwards et s1.13 for an acetylene-oxygen-nitrogen
(2:5:4) mixture and are given by:

71.35 (% 3.34)

Log (t(0,]) = =9.41 (% 0.2) + o=~ (6)




where Tt is the induction time in seconds, [02} is the concentration in
rol/liter, and T is the temperature in thousands of degrees K. Three dif-»
ferent power-energy relations obtained from the theoretical model are shown
in Figure 1. Curve A was obtained by using the smallest value of the induc-
tion time given by Eq. (6), that is, by choosing the negative‘;igns. Curve B
was obtained by w.sing the mean values and curve C by using the largest value
of the induction time (by chossing the positive signs). The arrows oa curve
C indicate the direction of increasing Mach number. First, we note that each
curve has a minimum power aad a minimum energy. We also observe that as the
Mach number decreaves below the Mach number corresponding to the minimum
pcwer, both the average source power and the source energy increase. How-
ever, when the Mach number increases above the Mach number corresponding to
the minimum power, the energy first decreases to the minimum energy and then
increases again. All three curves exhibit these same qualitative trends.

The shape of these curves can be explained in the following manner. As
the Mach number of the shock wave decreases, the pressure and the temperaturél
behind it decrease. This decrease also results in a decrease of the pressure
and velocity at the piston surface. This would tend to decrease both the

power aud the energy since, as seen in Egqs. (1,2),

p~ ppugt (7
E ~ ppugt2 . (8)

This tendency is, however, cpposed by the tendency of the induction time to

~increase with decresses in the pressure and the temperature. For low Mach

numbers, (i.e., low temperatures behind the shock) a small decrease in the

Mach n'mber of the shock wave leads to a large increase in the induction
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Figure 1. Power-energy relations for the initiation of cylind}iéal

detonations in an acetylene-oxygen-nitrogen mixture (2:5:4)

at (.1316 atm and 300K. The data for curve D was ob%ained from
spark ignition experiments [6]. Curves A, B, and C are explained
in the :;xt. The arrows on Curve C indicate *he direction of

increasing Mach number.
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time. The shape of the curves in Figure 1l implies that this increase in
induction time is more than sufficient to compensate for the decrease in the
preasure.and the velocity for Mach numbers below that corresponding to the
minimum power. Therefore both the power and the energy incraase with
decreasing Mach number. Since the erergy is proportional to the'producf of
tie power and the induction time (Eqs. (7,8)), the energy increases faster
with induction time than the power does. As the Mach number increases above
that corresponding to the minimum power, the increase in the pressure and
velocity is larger than the decrease in the induction time. Therefore the
'power increases. However, for a certin range of Mach numbers, the increase
in the pressure and velocity is not sufficient to compensate for the decrease
in the sguare of the induction time. Therefore the energy decreases until it
atc#ins a winimum value, even though the power increases. Finally, for Mach
numbers above that corresponding to ﬁhe minimum energy, the increase in the
pressure and velocity are easily able to overcome the decrease in the indﬁc-
tion time with increasing Mach number dnd both the power and.:he energy
increase. This occurs because the rate of decrease of the induction time
with temperature is small for high temperatures (i.e., high Mach numbers)
according to Eq. (6). t

The power-energy curve obtained using data from the spark ignition
experiments® of.Knystaucas and Lee has also been included in Figure 1 as
curve D, .The data for curve D is the same as that»used by Abouseif and
Toong? for their Figure [1], and was originally presented in Figure [4] of
Kaystautas and Lee®. Curve D exhibits the same qualitative trends as those
of the theoretical éurves discussed above. However, we observe that the

values of the minimum power and the minimum energy from the four curves are
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- very different from each othes, The differences in the values of these

parameters from the three 'theoretical" curves (A,B, and C) indicate that the
experimental uncertainties in the values of the induction times used have a
significént effect on the value of the minimum power and the minimum energy.
The minimum power varies from about 0.3 MW/cm to about 1 MW/cm and the
minimum energy varies from about 0.012 J/cm to about 0.1 J/em. The
experimentally determined minimum power (from curve D).is #bouc 0.13 MW/cm,
which is lower than the calculated values, and the minimum energy is about
0.1 J/em, which is at the top of the range of calculated values.

The quantitative differences between the experimental and theoretical
values could be due to a variety of factors, a few of which we now discuss.
As cbserved from curves A, B, and C, uncertainties in the induction time data
can have a significant effect on the values of the minimum power and the
minimum energy. Expresaionslsuch as Eq. (6) for the induction time are
obtained by fitting to a limited range of experimental data. However, here
we have used Eq. (6) for a range of temperatures and pressures far greater
than that over which it was determined., The Mach numbers and the
corresponding temperatures and pressures at the shock and the piston ;urf\ce,
along with the induction time used for obtaining curve B, are given in
Table I. We see that for Mach numbefs greater than about 14, the
termperatures and pressures are 8o high that the entrapolated induction time
is of questionable validity. However, for obtaining the theoretical results,
we had assumed a constant value of 1.2 for Y, the ratio of specific heats.

We see from Table I that for high Mach numbers, the Y of the shocked gas
could be very different from that ahead of the chock wave because of the

iarge temperature differences. Using an inccrrect value for Y could also

10




TABLE I

Parameters at the Piston Surface for Shocks of Different Strengths

u P, (atm) T plam) Tt (mee)

4.0 2.285 769.5 2.378 774.6 1485.3

5.0 3.577 1037.9 R 1043.8 73.823

6.0 5.156 1365.4  5.320 1372.6 . 9.4207
7.0 7.023 1752.4 7.232 1761.0 2.2381

8.0 9.176 2198.8  9.439 2209.2  0.8003

9.0 11.616 . 2704.6 { 11.939 2717.0 0.37635
10.0 14.344 3270.0 | 14.736 3284.7 0.21357
120 20.661 4579.2’? 21.209 4599.2 0.098452
16.0  28.126 6126.3 ; 28.859 6152.6 . 0.060420
16.0  36.740 911.5 | 37.685 7945.0 0.043616
18.0  46.502 9934.6 f 47.687  9976.4 0.034733
20.0  57.413 12195.8 f '~ 58.870 12246.8 0.029447

Note: A constant Y of 1.2 has b%en assumed for obtaining the above results.

i
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explain some of the quantitative differences between the experimental and

theoretical results.

B. Effect of Y on Power-Energy Relations

We have repeasted the power-energy calculations using differént but
constant values for Y on both sides of the shock wave and the results ar:
shown in Figure 2. We observe that Y does iﬁdeed have a significant effect
on the minimum power and tﬁe minimum erergy. When Y is changed from. l.1 to
1.4, the minimm source power decreases from 2.0 MW/cm to 0,18 MW/cm and the
minimum energy decreases from 0.065 to about 0.02 J/:m. The Mach number at
which the shock must travel to attain the minimuﬁ power is also very
different, aa.seen in Figure 3 where the average source power is shown as a
function of Mach number for three values of Y. Changing Y from 1.4 to 1.1
doubles the Mach number correspondihg to the minimum power from 8 to 16. The
effect of Y on the power-energy relation arises partly from the factor
(Y/¥=1) in Eqs. (3) and (4) and partly frou the fact that the temperature
behind a shock of given Mach number is very different for different Y's.

The effect of the factor (Y/y-1) is to change quantitatively the values
of the source power zad the source energy corrasponding to the shéck of a
given Mach number snd is the same for all Mach numbers. The changes in the
temperature behind a shock wave due to assumed differences in Yy is, however,
a function of the shock Mach nunber. Let us consider a shock wave of the
Mach number 10. In Table II we have given the pressure ratio, the

temperature ratio and the temperatures across this shock wave for different

values of Y. We have also included the case where Y is different across the

shock vave as case 3. For obtaining case 3, Eqs. (C7-C13) from Appendix C

12
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TABLE II

Effect of the Ratio of Specific Heats

casz v, Yy Ps/Po T,/T, T, T,
1 1.2 1.2 109.000  10.900 . 300  3270.0
2 1.3 1.3 112.913 15.710 300 4712.89
3 1.3 1.2 118.426 11.454 300 3436.26

Note: The conditions ahead of the shock wave are denoted by "o" and those
behind by "s".

13
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cylindrical detonations in an acetylene-oxygen-nitrogen mixture.
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vere used, We see that the temperature behind the shock wave is
nignifican;ly lower than that for case 2. Case 3 is a more realistic case
thap case 2, sirce Y is generally lower behind the shock. However, the
appropriate Y for conditiians behind the shock wave is different for differenc
Mach numbers, since the temperatures are different, Thus a better approach
is first to guess a Y for each Mach number and use it to calculate-the
temperature behind the shock. This new temperature implies a new Y, as‘
discussed in Appendix C. Using this new Y in the modified shock relations
(Eqs. (C7=C13)), we get a new temperature. This iterative procedure can be
continued till convergence is achieved.

The power-energy calculations were repeated using the correct value for
Y, that is, for each Mach number includiﬁg the effect of temperature on Y.
In Figures 4 and 5, the average source powerAand the source energy have been
shown an.functionn of the Mach number for three different conditions (A, B,
and C). Curves A and C were obtained assuming Y constant and have already
been discusgzed. Curve B.is obtained using the variable Y. For low Mach
numbers, curve B lies close to curve A and for very high Mach numbers it
tends towards curve C. This is not surprising since for the ucetylene~
oxygen-nitrogen mixture being studied here, ¥ va;ies from 1.31 to 1.16 when
ti.e Mach number changes from 2 to 24, From curve B in Figures 4 and 5 we
also note that the minimum power and the minimum energy conditions occur at
Mach number of 10.0 and 15.5 respectively. The pouef-energy curve obtained
with the variable f is shown as curve B in Figure 6 where we have also shown
three other curves obtained assuming constant Y. We note that curve B lies
predominantly between the curves with v of 1.1 and 1.3 and is very similar to

the curve with Y of 1.2.
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sensitive to perturbations, the shortest induction time in the shocked region E :

From the above discussion it is clear that the effect of using the

correct Y is mainly to alter the Mach number corresponding to the minimum

power and the minimum énergy condition, However, the calculated values of

‘the minimum power and the winimum energy are still different from those

obtained experimentally. Therefore we examine another possible reason for
the differences between the experimental and the theoretical values: the

uncertainty in the appropriate time to be used for €., in Eqs. (3) and (5).

C. Critical Time for Energy Deposition

As s first approximation, we assume that energy must be deposi;ed antil
ignition occurs at some point in the flow field between the shock and the
piston surface. Since, in general, the temperature and bressure is highest
at the piston curface, we used the chemical induction time éorresponding to
these conditions as the appropriate time for energy deposition. However,
wvhen thare is fluid motion, ignition can occur before the time corresponding
to the constant volume, homogeneous chemical induction time. For example,

for a certain range of temperatures and pressures, oxy-hydrogen mixtures with

" small perturbations could have significantly reduced ignition times. The

specific effect of this phenomenon on the power-energy relations will be

reported in a subsequent paper, In gas mixtures which are not particulariy

seems to be the necessary condition for the initiation of detonations.

However, we need to consider whether this is a sufficient condition also.
Shock tube simulations!™ have indicated that the time at which a

detonation wave is first observed is only very slightly longer than the time

at which ignition first occurs. That is, the time between ignition and the
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formation of a detonation wave i3 small when compared to the induction time.

This is not surprising when we consider the fact that for many reactive

systems, the reaction time is very small compared to the inducticn time. The.

result; of Abouseif and Toong on the initiation of planar det_ona:ions9 also
supports this observation. However we have not studied the effect of
geometry on the time between ignition and detonation. It could very well be
that due to the volume change in spherical and cflindrical geometries, this
time is significant when compared to the induction time. This needs to be
studied before one can confidently use the induction time as the appropriate
time for tere

We have compared the results from the theoretical model for the case of
cylindrical detonations with the experimental results of Knystautas and Lee
because in both cases the amount of energy deposited was proportional to the
second power of the time. However, it is important to note that in the
:heoreﬁical model we have conaidered only constant velocity shock waves and
it was this that made it pqssible to assign a single induction time to each
" shozn wave., If the velocity of the shock wave is not constant, it is not
possible to assign a single induction time to it since the flow field behind
the .hoék wave wbuld be time-dependent. Thus, shock waves éf different time
histories can deposit ﬁhe same amount of énergy'but at different average
source powers. This could be an imporant factor in the quantative

differences between the experimental and theoretical values.

D. Initiation of Planar Detonations

The derived power-energy relation for the initiation of planar detona-

tions in the same oxy-acetylene mixture is shown in Figure 7. 1In this
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The x'n{ are data obtained from shock tube experiwments [7}.. ——
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figure, we also show the shock tube‘data of Dabora’ on'ﬁhe direct initiation
of detonations in a stoichiometric hydrogen-air mixture. The point to ﬁoﬁice
is that both curves exhibit the same qualitative behavior. Unlike the
eylindrical case, each value of the power corresponds to an unique value of
energy. Tihe direction of increasing shock strength (as determined by tﬁe
Mach number) is also shown in Figure 7. In the planar case, we see that as
the Mach number decreases the power always decreases, As noted earlier in
the cylindrical case, as the Mach number decreases, the power decreases only
up to the minimum power. Then the power increases with a decrease in the
Mach number of the shock wave. Therefore, the qualitative difference in the
experimental data of Knystautas and Lee (shown in Figure 1) and Dabora (shown
in Figure 7) are due to the difference in the geoﬁetty of the two
experiments,

We also observe in Figure 7 that as the.Mach number decreases, we need
more and more energy to initiate a detonation. ‘ihe trend of the curves
indicates that there is a minimum Mach number below which a detonatiom will
aot occur (i.e,, would require an ipfini:e amount of energy). The value of
the power corresponding to this minimum Mach number is the minimum powér.
This agrees with the observation made by Knystautas and LeeS that the
requirement for a minimum value of the source power indicates that the source
must be capable of generating a shock wave of a certain minimum Mach number.
However, we observe from Figure 1 (see also Figures 3 and 5) that for the
case of cylindrical detonations, the minimum power does not correspond to the
shock wave of minimum Mach number. In the cylindrical case, it is possible
to initiate a detonation with a shock wave of lower Mach number than that

corresponding to the minimum power. Such a shock will have to be maintained
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" for a longer time than the shack corresponding to the miniwum power and hence

Cwill require a larger amount of energy.

E. Initiation of Spherical Detonations

The power-energy curve for the initiation of spherical detonations is
similar to the curve for the cylindrical case. However, for the case of
‘spherical detonations, the power is

P ~pudt? (9

3
A PP
‘but the energy is still
E~Pt. (10)
Since the power and energy are proportional to higher powers of the time, t.
uncertainties in t will have a greater effect on the value of the minimum
power and the minimum energy. Further work is being carried out currently to

study the initiation of spherical detonations in hydrogen—air mixtures and to

compare this to experimental data.
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IV. SUMMARY AND CONC_LUSIONS

In this paper we have used a theoretical model to determine tﬁe relation
between the power and the'energy required fof}the/initiation of planar,
cylindrical and spherical détonations in a gas mixture. The results
discussed above show that though the simple theoretical model has significant
limitations, it can still be used to explain tthquali:ative differences in
the power-energy relations obtained from différent experimental arrangements.
Another result from the modél is that the mirimum power requitemén:
corresponds to a shock of minimum Mach numbér ouly in the case of planar
detonations, |

The results from the model on tﬁe'initiation of cylindrical detonations
in an acetylene-ox&gen-nitrogen mixture qq;litatively,ggree with experimental
data. Some of the reasons for the quantitative differences have been
examined. One of the important parameters in the model is the time required
for deposition of the critical energy required for the initiation of
detonations. This time is related to the indﬁction time and the results
presented above showltha: uncertainties in tﬁe induction time daci used can
have a significadt effect oﬁ the power-energy ;eiations. The results also
indicate that further work needs to be done to determine the effect cof the
geometry on the time for critical energy depoaition. |

The quantitative differences between the e¢xperimental and theoretical
results may also arise because of the model assﬁmption that the velocity of
the shock wave is constant. This may nét be 96 in the experiments,
Futfhermore, the model considers only the minimum power and energy required
to initiate a detonation wave. We have not examined whether this would

result in a self-sustained, propagating detonation wave. Detonation
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propagation is characterized Sy complicated interactions among incident shock
waves, transverse waves and Mach'stemsvwhich form detonation ce}la.' These
must be described by mu1£idimensiona1 theories and simulations. The results
from such studies need to be considered to extend the work presented here to
the study of self-sustained detonation waves.

Cme application of the model presented here is to determine the relative
tendency of different explosives to detonéte, since che limitations of the
model wculd then be lésp critical. This would be particularly useful for
studying the effect of additives on :ﬁe detonability of condense& phase
explosives, Further work is being.carried out to modify the model for such

applications.
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Appendix A

Source Power and Energy Required to Generate a Constant Velocity Piston

Here ve derive the power and energy required by a source to generate a

’ ~ ‘constant velociﬁy piston in planar, cylindrical and spherical geometries.
Let us first calculate the work done by a constaat velocity piston moving ' S
o from time t, to time t in a gas mixture. If the effects of viscosity, heat i?

Y _ conduction and chemical reaction are negligible during the time internal

\ (t-to), the pressure ahead of the constant velocity piston would also be

constant. Then the work done by the piston on the gas mixture is given by

w= fvpp dv = Py (v - vo) (A1)

v
o

, where v, and v are the volumes at time t, and t, repectively. The volume

/o change (v - vo) depends on the geometry of the system. In planar geometry,

the volume swept out by the piston is

vov = A(t-ro) N (A2)

jhere r, is the position of the piston at time t, and A is the cross
sectional srea of the planar piston. In cylindrical geometry,
- 2 . 2
vov =1t (rr ] ro) , (A3)
wvhere £ is the characteristic linear dimension of the system and in a

spherical geometry,

vev mia3lb 3 . (a4)




The position of the constant velocity piston at time t is given by
r-r:’#up (t-t:o) , (AS)

where ug is the valocity of the pisté‘n. _Without loss of generality we can

assume that r, = O at time t = 0. Using Eq. (A5) in Eqs. {A2), (A3) and

(A4), we have
v-vo-—guata , (a6)

vhere B, = A, 27L, and 4w for o»l, 2, and 3 corresponding to the planar,
cylindrical and spherical ge ‘metries respectively.

Substitucing Eq. (A6) into Eq. (Al) we have

w=p =y %e® . (A7)

Defining
--‘-;- for a= 2 , and 4 (A8)

we have

v -a—ep uw®e® . (a9)

It is important to note that the above expression for Yo gives the werk
done by the piston, per unit area in planar geometry and per unit length in

cylindrical geometry.




AN

from the volume Vo

[

In order to obtain the above amount of work wp» Ve will need a source
which can generate and maintain such a constant velocity piston. It has been
shown that a pressure and velocity field identical to that ahead of such a

piston can be generated by appropriate heat addition. In order to
demonstrate thie, consider heat addition to & closed system of arbitrary

volume v, . For such a system with no heat losses to the surroundinge, the

first law of thermodynamics states that the change in the internal energy of

the system is

dzint.- dq + dw (A10)

wvhere dq is the amount of heat energy deposited and dw is the work don§ by

the system, Let us assume that heat energy is added to the system to take it

to the volume v at s constant pressure, p. Then, the

change in the internal energy of the system (assuming a mixture of perfect

gases) is given by

v PV, P
d!int =1 - 1 = T (V-vo). (A11)

The work done by the system in going from v, to v at the constant pressure

p is
dv'-fvpdV'-p(v-vo). (A12)
v
o .

Substituting Eqs. (All) and (Al12) in Eq. (A10), we find that the amount of

heat energy vhich has to be deposited to create the required change in the

system is

- (v=v ) + p (v=v )
Edep ?ET ° o
- X

p (v=~v_)
¥-1 °
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_ (A13)
= (;ETQ v.

Substituting Eq. (A9) in Eq. (Al13) we have the source energy required to

create a constant velocity piston in the three geometries,

E () =Tr e, ut e e’ . (A14)

ihe power, or the rate at which energy is deposited, is given by

P (), ﬁ

de t

a a-}
: ] t . (A1S5)
ok AR | |
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where a = 1, 2, and 3 for planar, cylindriéal and spherical coordinates

respectively, Since we are primarily concerned with the flow field before
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Appendix B

Flow Field between the Piston Surface ard Shock Wave

Iﬁ the planar case, the pressure and fluid velocity at the piston
surface are the same as thoss jus:t behind the shock. However, in the
cylindrical and spherical cases, the flow field between the shock and the
piston surface is nonuniform but can be obtained by solving the following
equations. For a one~dimensional flow, the equations for the conservation of

mass can be written as:

%+u%+p[-§%+(o—l)-§-]-0, ' (81)

and for conservation of momentum as:

3u 3u 1 3p , (B2)
Tk il

any significant reactions occur, we can assume the flow is isentropic if

diffusive transport effects are negligible. For a perfect gas,,:heqenergy

equation then becomes

dp _ Y
.5% JP (B3)

We can obtain the flow field between the piston surface and the shock wave by
solving the above system of partial differential equations with appropriate

boundary conditions. However, the solution procedure is considerably
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simplified if we seek a similarity solution. Then the system of partial
differential equations can be reduced to a system of coupled ordinary

differential equations:

(u~L) dp
—-p——-dL+aT+(0—l)—-° (M)
(ut) L = - %g—f | (85)
| .Y de
SaT (B6)

| dL

In the gbove system of equations, the demnsity p, the velocity u and the
pressure p are all fuuctions of the similariry variable L, which is equal to.
the radial location r divided by the time t. For a spherical geometry

(a=3), Eqs. (B4) - (B6) reduce to those formulated by Taylor!0, These
equations can be further reduced to a set of two equations in the dependent

variables u and a, the sound speed, which is a function of p and p. For a

nixture_of perfect gases, using

2= .DIB (87)

and appropriately combining Eqs. (B4) - (B6) we have:

da? du -
5= - (=D (L) F - 8
and
8o 21 - @ A (89)
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The boundary conditions for obtaining the flow iield between the shock wave

and the piston surface are: just ahead of the piston surface

r
L = -—E = g (310)
p t P ) )
and just behind the shock,
r, ‘
L =——=g5 , - (B11)
s t u :
. o
al =3 (B12)
s P
s .
and
u=u . (B13)

Normal shock relations can be used to estimate ug, pg and pg fo; a
shock of known velocity, §,.

Taylor solved the equivalent of Eqs. (B8) and (B9) in spherical co-
ordinates to obtain the properties of the airwave surroundiﬁgﬂggréxpanding
spherel0, He first assumed a piston Mach number and then numerically
integrated the equations from the piston surface to different locations
ahead of it. He then solvedbthe normal shock relations for vafious shock
strengths. When he plotted these two solutions, he fcund that there was a
location in the flow field ahead of the piston which had the same physical

conditions (velocity and sound speed) as that behind a shock wave of a

particular Mach number. Therefore, he could uniquely relate the flow field
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ahead of a piston of given Mach numﬁer to :hac'behind a particulér'shock
vave. The existence of such a unique solution implies that a constant
velocity piston will produce a constanﬁ velocity shock wave (in a spherical
gecmetry). Since we find that such solutions exist in cylindrical geometries
too, we can say that a constant velocity piston will produce a constaﬁ:
velocity shock wave in planar, cylindrical and spherical geometries provided
ve have ‘a similarity solution.

We have adopted a different approach tn solve Eqs. (B8) and (B9). For
a shock of given Mach number, we determine the flow conditions behind it
using the normal shock relations given in Appendix C. Knowing a, and ug,
Eqs. (B8) and (B9) can be numerically integratéd from Ly to the piston
location Lp to give u, and azp. However we do not know Lp a priori.
So we have to solve the equations until we find a LP which is equal to up
[See Eq. (B10)]. ™erefore it is more convenient to rewrite Eqs. (B8) and
(B9) in terms of a new dependent variable u/L. Then, we can solve the

equations from ug/Lg to 1.

Transforming Eqs. (B8) and (B9) to the new dependent variable €, vhere

o .
Ui e
and defining -
n= f;' ‘ (B15)
and
z = logL, (816)
we have
34
S L, ) L ) .
f\' ;_ . {'_h\’v\.; ! \‘ / \4 \ P / / N z e
A ———

.......




by
e

and

Eqs. (B17) and (B18) are solved along with the boundary conditions given .

below. Just behind the shock, that is, at

a~d

Just ahead of the piston surface,

From the solution of Eqs. (B17) and (B18), we get zp and 0. Using these

quantities in the equations given below we calculate u

n(2n - 2(1-6)2 - g(a-1)(a-1) (¥-1) (E-1)]

€ [an = (1-§)¢]

=1 n-(-£)2
[an - (1-8)¢] °

B,

Lo




-

u_ = exp (Z) | (823) ;
P P ~ .
: ‘* _l{’,
al=n y? . (B24) : :‘; “"?y
P P | o
| " ,/:
k _ _ .
j In addition to up (from Eq. (B23)) we alsc need the pressure at the piston ‘
: surface which we can get using Eq. (B24) in the following equationm, ,3';é:;;;
2
:R Y-1 :
o =P, (as) . - (B25)

To complete the solution procedure we still need the fluid velocity, the
pressure and the souad speed just behind the shock wave for (Eqs. (Bl19),
(B21) and (B25)). Since we are restricting our attention in this paper to

one dimensional flows, we can use normal shock relations to obtain these

quantities. The normal shock relations, assuming that Y (the ratio of
specific heats) can vary across the shock wave, have been derive&'in _~ P

Appendix C. '¢~‘}¥
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Appendix C

Flow Conditions across the Shock Wave

Since we are considering onmly a'onefdimensionaliflaw, the flow across
the shock wave §long any streamline in the three geometries can be obtained
from normal shock relations!S. quever, we note that it'is important Eo use
the appropriate values for Y, the ratio of specific heats, in the‘shgcked
region. Since the normal shock relations are usually obtained assﬁming Y
constant across the shock wave, below we give a brief derivation of the
normal shock reiaciona with variable Y.

For an adiabatic, constaqtgarea, one~dimensional flow with a normal

shock, the equations of conciniity, momentum and energy arelS:

PVo ™ Pg¥s (cl)

Py * pov_o2 " Pyt P vsz (c2)
L2 1.2

h, + 3V, h, +3 v, (cs)

2

vhere the qubscrip: "o" refers to the conditions ahead of the shock wave and
the subscript "s" refers to conditions behind the shock wave. We also need
an additional! constitutive relation to complete the system of equations
since there are four unknowns. For a mixture of perfect gases, the caloric

equation of state can be written as
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* < ' !
=L P,y . ' (c4) L
4

Asgsuming that the gas mixture is perfect on each side of the shock wave but

with different values of Y, we have:
Y P

o
— (cs)
o y~-1 po

and

h = ., (c6)

Eliminating v, from Eqs. (Cl) and (C2), we have:
P, " P, * PV,  (1-R) (c7)
where

R==2 | | (c8)

From Eq. (Cl) we also have the fluid velocity behind the shock (in the

laboratory coordinate system),

u v, - v»s =v, (1 -R). (co)

The speed of sound behind the shock is
3s
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2) (c10)

Given the initial conditions (tgs Pgs Vo) ahead of the shock, we can
obtain the required parameters pg, ug and a4 from Eqs. (C7), (C9) and
(c10) if we know the parameter R. |

By appropriately combining Eqs. (Cl) = (C4) we Lave obtained the

following quadratic equation for R:

R2(1 + Y - R(L+Cp) 2y, + (y C2+ (v, =~ 1) =0 (c11)
where
P ; 2C
> —_— _ (c12)

C, =~ and C, = = .
% (yo v

From Eq. (Cll), we have

Y(1~~c)+(7r2(1+c)2--.(1+'1)(vr-1)(vc+1))“2
s 17 2 s 1 s s 02

T (c13)

R=

The importance of using a variable Y for obtaining power-energy relations

has been discussed in detail in the main text.

Effect of Temperature on th: Ratio of Specific Heats

In order to use the above formulation we need to know the ratio of

specific heats both ahead of the shock (Y,) as well as that behind it

(Y,). In general, these two Y's are different because of differences in

the temperature and the mixture composition. For our particular problem
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the mixture composition may be assumed to be frozen across the shock wave
since we are primarily interested in the mixtures up to the time when
ignition occurs. 1In this case the specific heat at coastant pressure for

the mixture can be writtea as!®

o
C =% =, (c9), Cl4)
a1 3P ¢ _

- 4

where'nj is in units of the kg moles or species } per Kg of mixiuvs azd

.

(c°), is the standard state constant pressure specific heat for species j in

J/(Rg mole)(X).

For each species, the specific heat at constant pressure has been given

in the form of least square coefficients in Ref. 16 as follows:

=ap, agTe agj'rz + a.,j'r3 + asjr" (c15)

where R is the unive%sal gas constant and is equal to 8314.3 J/(Kg mole)(K).

Assuming the mixture: behaves like a perfect gas, we can write the ratio of

specific heats, Vv, a§:
i

I
l
i

vy - R (c16)

or to use the data in Ref. 16 more directly,

c /R
- Cc17
TETR-T - (e17)
P
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